Abstract
Introduction
In the design of a multi-processor system, the topology of the communication structure is important. The topology can be represented as a graph, in which each node stands for a processor and each edge stands for a communication channel between a pair of processors. The Cayley graph [4] offers a group-theoretic model to study the symmetric interconnection networks such as the hypercube Q n and the star graph S n . The star graph [1, 4] has some good properties of the Cayley graph, and it has some better properties such as the degree and the diameter, comparing with the hypercube.
When nodes or links fail in an interconnection network, some paths may not be available, and the routing may take more links or may not be routed at all. In such a situation, we need fault-tolerant routing to maintain the performance of the system [2, 3, 5, 6, 7, 9, 12, 14, 15, 16, 18, 21] .
Based on the information about faults, fault-tolerant routing can be classified as follows [20] : 1. Global information based method [13] : Each node knows where all faults are, and the best possible path of any two nodes is known at first. One important issue in this method is how to get the global information. [17] : Each node knows only the states of its neighboring nodes and links. The routing path between any two nodes is not known in advance. In this method, we can apply trial-and-error method like the depth-first search to find the routing paths. For keeping tracks, the message overhead is needed.
Local information based method

Limited global information based method:
The information about faults around the neighborhood is gathered and processed so that a guide of the fault-distribution in the system is obtained. This guide is helpful to the routing, and then the length of any path can be computed. The gathering work in this method is not as difficult as the global information based method. Moreover, there is no much message overhead. It is a compromised method of the above two.
There are two kinds of limited global information based method. They are safety level [19] and safety vector (or routing capability) [20] . They both have been studied on the hypercube. The safety vector can describe the fault-distribution more precisely. The safety level has been applied in the star graph [8] , but it does not perform well in fault tolerant routing. In this paper, we shall propose an efficient safety vector in the star graph.
The rest of this paper is organized as follows. In Section 2, we review some properties of the star graph interconnection network and the safety level on star graphs. We also introduce the previous result of the safety vector on hypercubes. In Section 3, we first propose the safety vector on star graphs. In section 4, we present the method for computing the length of our safety vector and giving the ranking of each element. And finally, the conclusion is given in Section 5.
Preliminaries
In an n-dimensional star graph, denoted as S n , each node is identified by a distinct permutation of n symbols. For two nodes u and v in S n , if the identifier of u can be obtained from v by swapping the first symbol with another symbol of v, then there is a link connecting these two nodes.
Routing refers to sending a message from a source node to a destination node through some intermediate nodes in an interconnection network. The routing path should be as short as possible. According to the definition of a star graph, a routing path can be represented by the permutation from the source to the destination as a product of p-cycles, p ³ 2. Then, the routing path can be found by the cycles from right to left.
The distance of two nodes u and v in a graph is the length of the shortest path between u and v. The diameter of a graph is the maximum of all distances among all pairs of nodes in the graph. In S n , the diameter has been proved to be ë û
Let p be the permutation from the source u to the destination v, and c be the number of cycles of size not smaller than 2. Denote 'A' to be the first symbol of the destination and 'X' to be any other symbol of the destination. Let m be the number of symbols of the source not at the correct positions of the destination. Moreover, let u (i) be the neighbor of node u got by swapping the first symbol with the ith symbol of u. Then, the distance d(p) can be obtained as follows [1, 4] : Table 1 shows the effect of moving a node to one of its neighbors, in which 'X' and ' ' X ' are any two symbols different from 'A'. We can use these fault-free routing rules to find the shortest paths. In Table 1 , a neighbor in cases 1, 2, or 3 is a preferred neighbor, while a neighbor in cases 4 or 5 is a non-preferred neighbor. 
Swap X with any other symbol ' X or A whose position is in the same cycle
Swap X or A with any other symbol ' X already in the correct position '
The safety level represents the ability to perform routing within some distance by shortest paths. In the star graph, the safety level of u contains the safety level
The safety levels of S n can be determined as follows [8] :
Step 2. Do the following computation for ë û
For each faultless node u, let Although the safety levels can keep the routing abilities within some distance via shortest paths, it cannot be sure whether one shortest path exists beyond that distance. The safety vectors, on the other hand, can keep the routing abilities more precisely at some exact distance. The safety vectors of a hypercube are introduced below, which is helpful to understand our safety vectors of a star graph.
In an n-dimensional hypercube, denoted as Q n , each node is identified by a distinct binary string of length n, and there is a link connecting two nodes if their binary bit strings differ exactly at one position. For instance, there is a link connecting nodes 000 and 010. Let u (i) denote the neighbor of node u with a different bit at the ith position, 1 £ i £ n. We say that node u is k-Hamming distance away from node v if there are k different bits between nodes u and v.
In computing the safety vectors for the hypercube, if a node is on one end of a faulty link, we consider the other end as a faulty node. The safety vector of node u in Q n can be determined as follows [20] :
Step 1. If u is a faulty node, then let u[k] = 0 for k = 1, 2, … , n, and the safety vector of u is determined completely.
Step 2. If u is not a faulty node, let
For one source node, there are n different classes of destinations. In each class, the distances between the source and all destinations are the same. The safety vector of one node in the hypercube Q n describes the routing abilities from it to n classes of destinations [10, 20] .
Fault-tolerant routing by safety vectors in S n
In the hypercube Q n , we can find that each source node plays n kinds of roles, and each role corresponds to some destinations of a specific distance. For routing to one destination node, the source node has to route to one of its neighbors, and this neighbor becomes the new source node. The number of preferred neighbors for one role is different from that for another role. Therefore, the relations between all roles for all nodes describe all routing abilities. We can use a path structure to represent the relations of the hypercube Q n , as shown in Figure 2 . In the path structure, (k) represents the role of the source to the destinations of k-Hamming distance, and
In the star graph, routing can be represented as a permutation, and the permutation can be represented as the product of p-cycles, p ³ 2. We call a product structure a pattern. Let 'A' denote the first symbol of the destination and 'X' denote any other symbol of the destination. Then, a pattern is denoted by a product structure with one 'A' and some 'X's. The permutations with the same product structure belong to the same pattern. Figure 4 . We can observe that patterns on different shortest paths may be all different even when the distance is identical. Therefore, we need to find another path structure for the start graph S n . Moreover, if one node is on one end of a faulty link, then we consider the other end as a faulty node. The undirected safety vector of one node u of S n can be defined as follows. a Î p(a). The routing ability for distance 1 is computed at first, then for distance 2, 3, … , ë û
Definition 3.1. Let a be a pattern and
Therefore, the safety vectors are computed simultaneously and iteratively. We have some results about the undirected safety vectors of S n . 
The Length and the Ranking
The length of a safety vector is the same as the number of all considered patterns. It can be obtained from the number of partitions of a positive integer [11] .
We denote f k the number of partitions of a positive integer k. For instance, f 4 = 5 since 4 can be partitioned into (4), (1+3), (2+2), (1+1+2), and (1+1+1+1). Let P n be the number of all possible patterns in S n . Then,
, where f n-k corresponds to all possible patterns beginning with
When the length becomes larger, it is getting difficult to look up some routing ability in a safety vector. Thus, we need a ranking method for all patterns so that each pattern is associated with a distinct number with which we can find its position in one safety vector. Let f k,q be the number of partitions of a positive integer k with constraint q, in which each partition is of size 1 or less than q. We rank patterns in S n by the following rule:
(2) For two patterns a and b, where a =
, the rank of a is larger
in lexicographic order of strings. Table 2 lists the ranks of all patterns in S 7 . 
Conclusion
We proved that our safety vector is better in judging the routing paths than the safety level. But the safety vector requires more space. Although more information we get, the process is more complex than the safety level. It is a trade-off between the information and the complexity.
The basic property of safety vectors used for routing is if a routing ability is 1, it is sure that there exists one shortest path from the source node to all corresponding destinations. But if the routing ability is 0, it is not sure if there exists such a shortest path.
A good design of safety vectors is to increase the number of 1's in the vector so that it is near the optimal number. However, to get optimal safety vector is very difficult. One of the methods to get improvement is to design directed safety vectors, which is a two-dimensional vector on each node that stores the routing capability of each of its neighboring nodes. This method will increase the required space in each node.
Another approach to increase the accuracy is the concept of statistical safety vectors. With this concept, the value of each element of the vector on each node is not only 0 or 1. Instead, it is set between 0 and 1, which means the probability of successful routing ability from the node to all corresponding nodes. This will be worthy of further study.
